We prove that a system of non-interacting electrons proximity coupled to a conventional s-wave superconductor cannot realize a time reversal invariant topological phase. This is done by showing that for such a system, in either one or two dimensions, the topological invariant of the corresponding symmetry class (DIII) is always trivial. Our results suggest that the pursuit of Majorana bound states in time-reversal invariant systems should be aimed at interacting systems or at proximity to unconventional superconductors. Introduction.-Topological superconductors (TSCs) are characterized by a bulk superconducting gap and topologically protected subgap boundary excitation. The nature of these excitations depends on the dimensionality and the symmetries of the system [1, 2] . In symmetry class D [3], with only particle-hole symmetry (PHS), and in one dimension (1d), these are the zero-energy Majorana bound (MBSs) states [4] [5] [6] .
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Symmetry class DIII includes systems which in addition to PHS, possess a time-reversal symmetry (TRS) which squares to −1. This dictates a Kramers degeneracy of the single-particle spectrum. In the topological phase such a system would therefore host a pair of zeroenergy MBSs, related by time reversal [7] . Indeed, such a time-reversal invariant topological superconductor (TRI-TOPS) can be thought of as two copies of a topological superconductor in class D. This is analogous to the topological insulator which is equivalent to two copies of a quantum Hall insulator.
Experimentally realizing the TRITOPS phase is a major outstanding challenge in the study of topological phases in condensed matter. To this date, however, attempts have been focused on realizing the class D TSC [8] [9] [10] [11] [12] [13] [14] [15] . An important breakthrough in this context was the understanding that one can realize class D TSC using a combination of spin-orbit coupling and proximity to an s-wave superconductor, in a system of noninteracting electrons [16] [17] [18] [19] [20] [21] .
In this Rapid Communication we prove that, unlike in class D, the topological phase of class DIII cannot be realized using proximity of a conventional s-wave superconductor to a system of noninteracting electrons. This was previously shown to be correct in two particular systems [22, 23] . In this work we prove it for the most general system of noninteracting electrons, and the most general form of coupling to the superconductor.
Our result suggests that to realize the TRITOPS phase one should consider interactions between the electrons [23] [24] [25] [26] [27] [28] [29] , or use proximity to unconventional superconductors [22, 30, 31] . One can also use two s-wave superconductors with a phase difference between them which is tuned to π [32] [33] [34] . In 2d and 3d, intrinsic TRI-TOPS have been proposed [35] [36] [37] [38] [39] [40] [41] , which do not involve the proximity effect [42] . We start by writing the model, consisting of both the parent superconductor and the system as depicted in Fig. 1(a) . We integrate out the superconductor's degrees of freedom and obtain the Green's function of the system alone. Next we construct the Z 2 topological invariant for a general class-DIII system in 1d, and show that this invariant always takes its trivial value. We then extend this result to the case of a 2d proximitized system [see Fig. 1(b) ]. Finally, we generalize the proof to include also non translationally-invariant systems.
Model.-We consider a quasi-1d system (hereafter referred to as a "wire") of noninteracting electrons, coupled to a bulk superconductor (SC). The Hamiltonian describing the combined system reads (1) we have assumed that the interactions in the SC are adequately described within mean-field theory through the pairing potential matrix, ∆ k [43] . Due to fermionic statistics one can, without loss of generality, take the pairing matrix to obey ∆ T −k = −∆ k , where the superscript stands for the transpose of a matrix. In Eq. (1), we have assumed that the system is translationally invariant; however, below we argue that our conclusions hold even in non-translationally invariant systems, e.g., in the presence of disorder.
Here, we consider systems which belong to symmetry class DIII. The Hamiltonian H has TRS that squares to −1. The application of such a time-reversal operation most generally reads
where T w and T sc are unitary matrices operating in the spaces of states in the wire and the superconductor, respectively, and which furthermore obey T w(sc) T * w(sc) = −1. The last property is what distinguishes systems in class DIII from systems in class BDI [44, 45] in which TRS squares to 1. Enforcing TRS on the system, THT −1 = H, amounts to the following conditions
The last equality, together with the property ∆
In this work, we focus on the case where the pairing potential of the parent superconductor satisfies that ∆ k T sc is a positive semi-definite (PSD) matrix [46] . Namely u|∆ k T sc |u ≥ 0 for all vectors |u , and all momenta k. In particular, this includes for example the case of a conventional s-wave superconductor, in which the order parameter has a uniform phase on all the bands (and no interband pairing). Note also that this condition excludes both the case considered in Ref. [22] , where the superconductor has an s ± order parameter with a relative π phase between different bands, and the case of Refs. [32, 33] , where there are two superconducting leads that form a π junction.
The simplest example of a time reversal invariant superconductor with a positive semi-definite ∆ k T sc is a single band s-wave superconductor, whose pairing potential
where {σ α } α=x,y,z is the set of pauli matrices operating in spin space, k T labels the transverse momenta of states in the superconductor, and ∆ 0 is a number which we can choose to be real and positive. The time-reversal matrix is given in this example by (T sc ) k T ,s;k T ,s = −iσ y ss δ k T ,−k T , which indeed results in ∆ k T sc = ∆ 0 being a PSD matrix. In what follows we will not limit ourselves to the example of Eq. (4), but rather consider the most general matrix ∆ k for which ∆ k T sc is PSD [47] . In particular, the superconductor can have multiple bands.
Below we prove that as long as ∆ k T sc is PSD, the wire is in the topologically-trivial phase. We do this in two steps. First, we show that upon integrating out the SC, the anomalous part of the zero-frequency self energy is also PSD. Second, we show that, as a result, the Z 2 topological invariant always assumes its trivial value.
Integrating out the superconductor.-We wish to obtain the Green's function describing the wire, where the superconducting proximity effect is expressed by an anomalous self-energy term. We start by writing the Hamiltonian in a BdG form
using the Nambu spinor
, where
and where {τ α } α=x,y,z are Pauli matrices in particle-hole space. In writing Eqs. (5, 6), we have used the relations given in Eq. (3). The Green's function of the wire, G w k (ω), is obtained by integrating out the SC,
where Σ k (ω) is the self energy, and g 
where g N k and g A k are Hermitian matrices. This also means that the zero-frequency self energy has the same structure, 
One then arrives at
where |u is an arbitrary vector, |v ≡ (g [24] and construct the Z 2 topological invariant for a general gapped quasi 1d system in class DIII [48] . We then apply it to the system under consideration and show that, due to the positivity of Σ A k , the invariant always assumes its trivial value. We define the effective Hamiltonian of the wire system using its Green's function,
. By setting ω = 0 in Eq. (7a) one obtains
where we have used the structure of Σ k (0) as given below Eq. 
We use the singular value decomposition to write We can adiabatically deform D k to the identity matrix without closing the gap, and therefore without changing the topological invariant. This in turn deforms the Hamiltonian, H (12) and below], corresponding to (a) a topologically trivial case, and (b) a topologically nontrivial case. The eigenvalues ofQ k are phases given by {exp(iθ n,k )}n. Due to timereversal symmetry the eigenvalues come in pairs, θ n,k and θ n,−k , corresponding to the blue and red lines, respectively. The parity of the winding number of the blue (or red) line gives the class-DIII topological invariant in 1d. For a noninteracting system in proximity to an s-wave superconductor, the winding number of any angle θ n,k will always be zero [see Eq. (15) and below], rendering such a system topologically trivial.
there is another eigenstate ofQ k , T † w |α n,−k * with an eigenvalue exp(iθ n,−k ). Thus, at the time-reversal invariant momenta, k = 0, π, the eigenvalues ofQ k come in Kramers' degenerate pairs.
Considering the spectrum ofQ k as a function of k ∈ [−π, π], it follows that the number of pairs of degenerate states at a given value θ cannot change by an odd number during an adiabatic change which leaves the gap of H eff k open. The parity of the number of degenerate pairs is therefore a topological invariant. Alternatively stated, upon dividing the eigenvalues ofQ k to two groups {exp(iθ I n,k )} n and {exp(iθ II n,k )} n , related by time reversal, θ II n,k = θ I n,−k , the topological invariant is given by
namely, the parity of the sum of windings of {θ I n,k } n . Figure 2 presents examples of trivial and topological spectra ofQ k .
Eq. (14) is correct for any quasi 1d system in class DIII. Let us now concentrate on the system at hand, namely one which is given by Eq. (1), with ∆ k T sc being PSD. Inserting Eq. (11) in Eq. (12), one arrives at 
and since D k is positive definite, we conclude that cos θ n,k ≥ 0 for all n and k. Namely none of the phases θ n,k can have a non-zero winding number as k changes from −π to π, which in particular means that the topological invariant, Eq. (14), is always trivial, ν 1d = 1.
Two dimensions.-We wish to generalize our result to the case of a 2d system in proximity to a bulk superconductor, as depicted in Fig. 1(b) . The combined system is described by the Hamiltonian of Eq. (1), with k → k = (k x , k y ). All the results, excluding Eq. (14) , are still valid in the 2d case under this substitution. The Z 2 two-dimensional topological invariant can be obtained from the 1d invariant by [49] 
Before proving Eq. (16) [50] . We now argue that the two-dimensional topological invariant in class DIII is given by Eq. (16) . This is most readily seen by considering a semi-infinite system with periodic boundary conditions in the x direction, and an edge along the line y = 0. The non-trivial phase is characterized by having an odd number of helical edge modes. At the edge of such system, at every energy inside the bulk gap, there must be an odd number of Kramers' pairs of edge states, similarly to the case of the twodimensional topological insulator [51, 52] . Let us focus on E = 0 (which is in the middle of the gap, due to particlehole symmetry). At k x = 0, the number of Kramers' pairs is equal to the Z 2 invariant of the corresponding DIII one-dimensional Hamiltonian H eff kx=0,ky . The same is true at the other time reversal invariant momentum, k x = π. Due to time reversal and chiral symmetries, the number of zero energy Kramers' pairs at momenta away from k x = 0, π must be even. Therefore, the parity of the total number of Kramers' pairs at E = 0 is equal to ν 1d [H Extension to non-translationally invariant systems.-So far, we assumed that the system is translationally invariant along the direction of the wire in the 1d case, or in the plane of the system in the 2d case [ Figs. 1(a)  and 1(b) , respectively]. However, our results holds even without translational symmetry, e.g., in the presence of disorder.
To see this, consider a disordered system in either 1d or 2d, coupled to a superconductor. Imagine a disorder realization which is periodic in space, with a period that is much larger than any microscopic length scale (in particular, the induced superconducting coherence length). By the arguments presented in the preceding sections, the resulting translationally invariant system is topologically trivial. Hence, at its boundary there are no topologically non-trivial edge states. Since the size of the unit cell is much larger than the coherence length, the periodicity of the system cannot matter for the existence or the lack of edge states. Therefore, a single unit cell corresponds to a finite disordered system, which (as its size tends to infinity) is in the topologically trivial phase, as well.
Discussion.-We have examined a general timereversal symmetric system of noninteracting electrons in proximity to a bulk conventional superconductor. It was shown that irrespective of any details of the electronic structure of the system and the form of its coupling to the superconductor, the system is always in a topologically trivial phase.
More generally, the condition for the system to be trivial is that the pairing matrix of the parent superconductor, ∆ k , satisfies that ∆ k T sc is positive semidefinite, where T sc is the representation of time-reversal [see Eqs. (1) and (2)]. In particular, this condition applies for example to the case of a conventional s-wave superconductor, in which the gap function has the same sign on all bands (and there is no interband pairing). The parent superconductor can have any number of bands and an arbitrary form of spin-orbit coupling.
These results have implications for the search for realizations of time-reversal invariant topological superconductors in class DIII. In order to avoid the trivial fate of the system, one has to either invoke strong enough electron-electron interactions [23] [24] [25] [26] [27] [28] [29] , or use a parent SC for which ∆ k T sc is not positive semi-definite. This can be an unconventional SC [22, 30, 31] , or a combination of two SCs in a π junction [32] [33] [34] .
